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In this paper, I focus my attention on a relatively weaker notion of
dependence, namely the positive quadrant dependence between two
variables X and Y. I think that this easily verified form of positive
dependence is more relevant in the subject area under discussion. Also,
as might be expected, the notions of dependence are simpler and their
relationships are more readily exposed in the bivariate case than the
multivariate ones.
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1. Introduction
The concept of dependence permeates the world.
There are many examples of interdependence in the
medicines, economic structures, and reliability
engineering. Usually an example in engineering is
that all output from a piece of equipment will depend
on the input in a broader sense, which includes
material, equipment, environment, and others. The
dependence is not deterministic but of a stochastic
process. In this paper, I have limited the scope of my
discussion to the dependence notions that is relevant
to reliability analysis. In the reliability, it is usually
assumed that the component lifetimes are
independent. However, components in the same
system are used in the same environment or share the
same load, and hence the failure of one component
affects the others. I also have the type of so called
common cause failure and components might fail at
the same time. The dependence is usually difficult to
describe, even for very similar components. From
light bulbs in an overhead projector to engines in an
aero plane, I have dependence, and it is essential to
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study the effect of dependence for better reliability
design and analysis. There are many notions of
bivariate and multivariate dependence. Several of
these concepts were motivated from applications in
reliability. As one probably would expect, they refer
to the form of positive dependence between two or
more variables. I shall try to explain them and their
interrelationships in this paper. Positive dependence
means that large values of Y tend to accompany large
values of X, and vice versa for small values.
Discussion of the concepts of dependence involves
refining this basic idea, by means of definitions and
deductions. Hutchinson and Lai [1] devoted a chapter
to reviewing concepts of dependence for a bivariate
distribution. Joe [2] gave a comprehensive treatment
of the subject on multivariate dependence. Thus, my
goal here is not to provide another review; instead, I
shall focus my attention on the positive dependence,
in particular the positive quadrant dependence. I
confine my selves mainly to the bivariate case,
although most of my discussion can be generalized to
the multivariate situations. An important aspect of this
paper is the availability of several examples that are
employed to illustrate the concepts of positive
dependence. In this paper, I am trying to develop a
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fundamental dependence idea with the following
structure:
1. positive dependence, a general concept
2. important conditions describing positive
dependence
3. positive quadrant dependence—conditions and
applications
4. examples of positive quadrant dependence
5. positive dependence orderings

2. Positive Dependence
Concepts of stochastic dependence for a bivariate
distribution play an important part in statistics. it is
often convenient to refer to the bivariate distributions
that satisfy it as a family, a group. In this paper, I am
mainly concerned with positive dependence.
Although negative dependence concepts do exist, they
are often obtained by negative analogues of positive
dependence via reversing the inequity signs. Various
notions of dependence are motivated from
applications in statistical reliability (e.g. see Barlow
and Proschan [3]). The base line or starting point, of
the reliability analysis of systems is independence of
the lifetimes of the components. Mostly, it is often
more realistic to assume some form of positive
dependence among components. In 1970, several
studies discussed different notions of positive
dependence between two random variables, and
derived some interrelationships among them, e.g.
Lehmann [4], Esary et al. [5], Esary and Proschan [6],
Harris [7], and Brindley and Thompson [8], among
others. Yanagimoto [9] unified some of these notions
by introducing a family of concepts of positive
dependence. Some further notions of positive
dependence were introduced by Shaked [10–12]. For
concepts of multivariate dependence, see Block and
Ting [13] and a more recent text by Joe [2].

3. Basic Conditions
According to Jogdeo [14], the following basic
conditions describing positive dependence; these are
in increasing order of stringency ( Jogdeo [15]).
1. Positive correlation, cov(X, Y) ≥ 0.
2. For every pair of increasing functions a and b,
defined on the real line R, cov[a(X), b(Y)] ≥0.
Lehmann [4] showed that this condition is
equivalent to
Pr(X ≥ x, Y ≥ y) ≥ Pr(X ≥ x) Pr(Y ≥y)
Or equivalently,
Pr(X ≤ x, Y ≤ y) ≥ Pr(X ≤ x) Pr(Y ≤ y)
I can say that (X, Y) shows positive quadrant
dependence if and only if these inequalities hold.
3. Esary et al. [5] introduced the following
condition, termed ―association‖: for every pair of
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functions a and b, defined on R2, that are
increasing in each of the arguments (separately)
cov[a(X, Y), b(X, Y)] ≥ 0
Here, I notice that a direct verification of this
dependence concept is difficult in general.
However, it is often easier to verify one of the
alternative positive dependence notions that
Imply association.
4. Y is right-tail increasing in X if Pr(Y > y X>x) is
increasing in x for all y (written as RTI(Y | X).
Similarly, Y is left-tail decreasing if Pr(Y ≤ y | X
≤ x) is decreasing in x for all y (written as LTD(Y
| X)).
5. Y is said to be stochastically increasing in x for
all y (written as SI(Y | X)) if, for every y, Pr(Y
> y | X = x) is increasing in x. Similarly, we say
that X is stochastically increasing in y for all x
(written as SI(X | Y)) if for every x, Pr(X > x | Y
= y) is increasing in y.
6. Let X and Y have a joint probability density
function f (x, y). Then f is said to be totally
positive of order two (TP2) if for all x1 < x2, y1 <
y2:
f (x1, y1)f (x2, y2) ≥ f (x1, y2) f (x2, y1)

4. Positive Quadrant
Expectation

Dependent

in

Now, I am introducing a slightly less stringent
dependence notion that would include the PQD
distributions. For any real number x, let Yx be the
random variable with distribution function Pr(Y ≤ y
|X>x). It is easy to verify that the inequality in the
conditional distribution Pr(Y ≤ y |X>x) ≤ Pr(Y ≤ y)
implies an inequality in expectation E(Yx ) ≥ E(Y) if
Y is a non-negative random variable.
I described that Y is PQDE on X if the last
inequality involving expectation holds. Similarly,
there is negative quadrant dependent in expectation if
E(Yx ) ≤ E(Y).
It is easy to show that PQD⇒PQDE by observing
PQD
is
equivalent
to
Pr(Y > y |X> x) ≥ Pr(Y > y), which in turn implies
E(Yx) ≥ E(Y) (assuming Y ≥ 0).

Cov( X , Y )

[ F ( x, y) FX ( x)FY ( y)]dxdy
FX ( x){ [Pr(Y y | X x) FY ( y )]dy}dx
FX ( x)[ E (Yx ) E (Y )]dx

Which is greater than zero if X and Y are PQDE
Thus, PQDE implies that cov(X, Y) ≥ 0. In other
words, PQDE lies between PQD and positive
correlation. There are many bivariate random
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variables being PQDE, because all the PQD
distributions with Y ≥ 0 are also PQDE.

5. Positive Quadrant Dependent Concept
There are many notions of bivariate dependence
known in the literature. The notion of positive
quadrant dependence appears to be more
straightforward and easier to verify than other
notions. The rest of the work mainly focuses on this
dependence concept. The definition of PQD, which
was first given by Lehmann [4], is now reproduced
below.
Definition: Random variables X and Y are PQD if
the following inequality holds:
Pr(X > x, Y > y) ≥ Pr(X > x) Pr(Y > y)
for all x and y. Equation 7.6 is equivalent to
Pr(X ≤ x, Y ≤ y) ≥ Pr(X ≤ x) Pr(Y ≤ y)
PQD is shown to be a stronger notion of
dependence than the positive (Pearson) correlation but
weaker than the ―association‖, which is a key concept
of positive dependence in Barlow and Proschan [3],
originally introduced by Esary et al. [5].
Consider a system of two components that are
arranged in series. By assuming that the two
components are independent, when they are in fact
PQD, I will underestimate the system reliability. For
systems in parallel, on the other hand, assuming
independence when components are in fact PQD, will
lead to overestimation of system reliability. This is
because the other component will fail earlier knowing
that the first has failed. This, from a practical point of
view, reduces the effectiveness of adding parallel
redundancy. Thus a proper knowledge of the extent of
dependence among the components in a system will
enable us to obtain a more accurate estimate of the
reliability characteristic in question.

6. Constructions of Positive Quadrant
Dependent Bivariate Distributions
Let F(x, y) denote the distribution function of
(X, Y) having continuous marginal cumulative
distribution functions FX(x) and FY (y) with marginal
probability
distribution
functions

fX

FX' and fY

FY' respectively. For a PQD

bivariate distribution, the joint distribution function
may be written as
F(x, y) = FX(x)FY (y) + w(x, y)
satisfying the following conditions:
w(x, y) ≥ 0
w(x,∞)→0,
w( ∞, y)→0,
w(x, −∞) = 0,
w(−∞, y) = 0
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w( x, y )
f X ( x ) fY ( y ) 0
x y
Note that if X ≥ 0 and Y ≥ 0, then the condition in
above equation may be replaced
by w(x,∞)→0, w(∞, y)→0, w(x, 0) = 0, w(0, y) = 0.
Lai and Xie [16] used these conditions to
construct a family of PQD distributions with uniform
marginals.

7. Negative Quadrant Dependence
Although themain theme of this chapter is on
positive dependence, it is a common knowledge that
negative dependence does exist in various reliability
situations. The bivariate normal, FGM family,
Durling–Pareto distribution, and bivariate exponential
distribution of Sarmanov are NQD when the ranges of
the dependence parameter are appropriately specified.
The two variables of the following example can only
be negatively dependent.
Example:
Gumbel’s
bivariate
exponential
distribution
F(x, y) = 1 − e−x − e−y + e−(x+y+θxy)
0≤θ≤
1
F(x, y) − FX(x)FY (y)= e−(x+y+θxy) − e−(x+y) ≤ 0
0≤θ≤1

8. Conclusion
Concepts of stochastic dependence are widely
applicable in statistics. Given that some of these
concepts have arisen from reliability contexts, it
seems rather unfortunate that not many reliability
practitioners have caught onto this important subject.
This observation is transparent, since the assumption
of independence is still prevailing in many reliability
analyses. Among the dependence concepts, the
correlation is a widely used concept in applications.
Association is advocated and studied in Barlow and
Proschan [3]. On the other hand, PQD is a weaker
condition and also seems to be easier to verify. On
reflection, this phenomenon may be due in part to the
fact that many of the proposed dependence models are
often not readily applicable. One would hope that, in
the near future, more applied probabilists and
reliability engineers would get together to forge a
partnership to bridge the gap between the theory and
applications of stochastic dependence.
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